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$x$ , $u_{1},$ $\cdots,$ $u_{\ell}$ $\mathbb{K}$ $F(x, u)=\mathbb{K}[x, u]=$
$\mathbb{K}[x,u_{1}, \cdots,u_{\ell}]$ $\deg(F)$ $x$ $||F||$ ; $||F||=$




Barnett $GCD$ Daiz-Tica & $G.$ $-$
Vega $GCD$ [DG02]. Daiz-Tica
& $G$ .-Vega
1(Barnett [DG02])
$f(x)$ $g(x)$ Bpol$(f, g)=(f(x)g(y)-f(y)g(x))/(x-y)= \sum b_{i,j}x^{i}y^{j}\in \mathbb{K}[x, y]$
$B=(b_{i,j})_{0\leq i,j\leq n-1}=(b_{0}, b_{1}, \cdots, b_{n-1})\in \mathbb{K}^{n\cross n}$
$k=\deg(gcd(f, g))$ $n-k$ $b_{k},$ $\cdots,$ $b_{n-1}$ $b_{i}(0\leq 0\leq k-1)$
$b_{k},$ $\cdots$ , $b_{n-1}$
$b_{i}=c_{i,1}b_{k}+ \sum_{j=1}^{n-k-1}c_{i,1+j}b_{k+j}$ , for $0\leq i\leq k-1$ . (1)
$c_{i,1}$ $gcd(f, g)$ $x^{i}$ $c_{i}$ $c_{k}$ $c_{i}/c_{k}$ $c_{i,1}=c_{i}/c_{k}.$
$GCDgcd(f, g)=x^{k}+c_{k-1}/c_{k}x^{k-1}+\cdots+co/c_{k}$ (1) full
rank
$(\begin{array}{l}b_{i,k}b_{i,k+1}|b_{i,n-k}\end{array}) = (\begin{array}{llll}b_{k,k} b_{k,k+1} b_{k,n-1}b_{k+1,k} b_{k+1,k+1} \cdots b_{k+1,n-1}| | |b_{n-1,k} b_{n-l,k+1} .\cdot.\cdot b_{n-1,n-1}\end{array})(\begin{array}{l}c_{i,1}c_{i,2}|c_{\dot{\tau},n-k}\end{array})$ (2)
$\tilde{b}_{i} = _{}1\tilde{b}_{k}+\sum_{j=1}^{n-k-1}q_{1+j}\tilde{b}_{k+j}$ (3)
$=$ $\tilde{B}c_{i}$ for $0\leq i\leq k-1$ . (4)
$\tilde{B}$ Barnett 1 $GCD$
(2) (4) Gauss ($LU$ );




Barnett $O(n^{2})$ $FFT$ Displacement [BB07].
2.2
Barnett $\mathbb{K}(u)$ $\mathbb{K}(u)[x]$ $GCD$
[Sanuki09] $GCD$
$F(x, u)$ $G(x, u)$
Bpol $(F, G)= \frac{F(x,u)G(y,u)-F(y,u)G(x,u)}{x-y}=\sum_{0\leq i,j\leq n-1}b_{i,j}(u)x^{i}y^{j}\in \mathbb{K}[x, y, u]$
($n=$ max{deg(F), $\deg(G)\}$ ), $B(F, G)=(b_{i,j}(u))_{i,j}\in \mathbb{K}[u]^{n\cross n}$
$F$ $G$ ( $x$ ) $\tilde{B}(F, G)=$
$(b_{i,j}(u))_{k\leq i,j\leq n-1}\in \mathbb{K}[u]^{(n-k)\cross(n-k)}$ $u$ $i$ $\delta\tilde{B}^{(i)}(u)$
$\tilde{B}(F, G)=\tilde{B}^{(0)}+\delta\tilde{B}^{(1)}+\cdots+\delta\tilde{B}^{(w)}+\cdots$ . (6)
$s\in \mathbb{K}^{l}$ $lc(gcd(F, G))|_{u=s}\neq 0$ $I$ $I=\langle u-s\rangle=\langle u_{1}-s_{1},$ $\cdots,$ $u\ell-s\ell\rangle$
$gcd(F, G)(mod I)$
( 1).
$\tilde{b}_{i}\equiv\tilde{B}(F, G)c_{i}^{(0)} (mod I) (i=0, \cdots, k-1)$.
$\tilde{b}_{i}(u) \equiv c_{i,1}^{(w)}(u)\tilde{b}_{k}(u)+\sum_{j_{=1}}^{n-k-1}c_{i,1+j}^{(w)}(u)\tilde{b}_{k+j}(u) (mod I^{w+1})$ (7)
$\equiv \tilde{B}(F, G)c_{i}^{(w)}(u) (mod I^{w+1})$ . (S)
$c_{i}^{(w)}(u)=(c_{i,1}^{(w)}(u), \cdots c_{i,n-k}^{(w)}(u))^{T}\in \mathbb{K}[u]^{n-k}$ $u$ $w$
1 $(c_{k}(u)$ $gcd(F, G)$ $c_{i}\equiv c_{i}^{(w)}(mod I^{w+1}))$ .
$gcd(F, G)\equiv x^{k}+c_{k-1,1}^{(w)}/c_{k}^{(w)}x^{k-1}+\cdots+c_{0,1}^{(w)}/c_{k}^{(w)} (mod I^{w+1})$ . (9)
(8) $c_{i}^{(w+1)}(u)=c_{i}^{(w)}(u)+\delta c_{i}^{(w+1)}(u)$ $w+1$
$\delta c_{i}^{(w+1)}(u)$ (8)
$\delta\tilde{b}_{i}(u)=c_{i}^{(0)}\delta\tilde{B}^{(w+1)}+\delta c_{i}^{(1)}\delta\tilde{B}^{(w)}+\cdots+\delta c_{i}^{(w)}\delta\tilde{B}^{(1)}+\delta c_{i}^{(w+1)}\tilde{B}^{(0)}$ (10)
$\delta\tilde{b}_{i}^{(w+1)}(u)$
$\delta c_{i}^{(w+1)} = (\tilde{B}^{(0)})^{-1}\{\delta\tilde{b}_{i}(u)-c_{i}^{(0)}\delta\tilde{B}^{(w+1)}-\delta c_{i}^{(1)}\delta\tilde{B}^{(w)}-\cdots-\delta c_{i}^{(w)}\delta\tilde{B}^{(1)}\}$
$= (PLU)^{-1}\{\delta\tilde{b}_{i}(u)-c_{i}^{(0)}\delta\tilde{B}^{(w+1)}-\delta c_{i}^{(1)}\delta\tilde{B}^{(w)}-\cdots-\delta c_{i}^{(w)}\delta\tilde{B}^{(1)}\}$. (11)
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$\mathcal{B}_{w} = (\begin{array}{lllll}\tilde{B}^{(0)} \delta\tilde{B}^{(1)} \tilde{B}^{(0)} \delta\tilde{B}^{(2)} 0_{n-k} \tilde{B}^{(0)} | | \ddots \ddots \delta\tilde{B}^{(w)} 0_{n-k} \cdots 0_{n-k} \tilde{B}^{(0)}\end{array})$
. $(\begin{array}{lllll}I_{n-k} I_{n-k} \delta\tilde{B}^{(1)} \ddots | I_{n-k} \delta\tilde{B}^{(w-1)} I_{n-k}\end{array})\cdots(\begin{array}{lllll}I_{n-k} I_{n-k} \ddots I_{n-k} \delta\tilde{B}^{(1)} I_{n-k}\end{array}).$
$0_{n-k}\in \mathbb{K}^{(n-k)\cross(n-k)}$ $I_{n-k}\in \mathbb{K}^{(n-k)\cross(n-k)}$ $\mathcal{B}_{w}^{-1}$

























[KS97]. $f$ $e$ $\#E[f, e]$ $e$
$e=|f|\cdot e_{M}$ ( $e_{M}$ $e_{M}=10^{-10}$ ). 2
$\#E[f_{1}, e_{2}]+\#E[f_{2}, e_{2}] = \#E[f_{1}+f_{2}, \max\{e_{1}, e_{2}\}],$
$\#E[f_{1}, e_{2}]-\#E[f_{2}, e_{2}] = \neq E[f_{1}-f_{2}, \max\{e_{1}, e_{2}\}],$
$\#E[f_{1}, e_{2}]\cross\#E[f_{2}, e_{2}] = \neq E[f_{1}\cross f_{2}, \max\{e_{1}|f_{2}|, e_{2}|f_{1}|\}],$
$\neq E[f_{1}, e_{2}]\div\neq E[f_{2}, e_{2}] = \#E[f_{1}\div f_{2}, \max\{e_{1}|f_{2}/f_{1}^{2}|, e_{2}/|f_{1}|\}].$
$|f|<e$ $0$
4.1 1 $GCD$
1 $GCD$ 1). $\searrow$
2 $)$ . B $LU$
1 $f$ $g$ $GCD$ $c_{k}=\gamma$ ;




$f$ $g$ $f$ $g$




$g_{n}f_{n} g_{i}f_{i}|x^{n}+\cdots+|\begin{array}{ll}f_{i+1} f_{i}g_{i+1} g_{i}\end{array}|x^{i+1}+0\cdot x^{i}+|g_{i-1}f_{i-1} g_{i}f_{i}$ $x^{i-1}+\cdots$
$f_{j}$ $f_{j}$
, for $i\neq j<n$
$g_{i}$ $g_{j}$












$f(x)$ $g(x)$ $k$ $GCD$
$\tilde{B}=$ PLU $LU$
L $U$
$(i, j)$ -element of $L$ $=$ $\{\begin{array}{ll}O(1) i\geq j0 i<j\end{array}$ (17)
$(i, j)$ -element of $U$ $=$ $\{\begin{array}{l}O(1) (i, j)\neq(n-k, n-k)0(1/\gamma^{n}) (i, j)=(n-k, n-k)0 otherwise\end{array}$ (18)
$\tilde{B}^{(0)}$ $i$ Bpol$(f, g)$ $x^{i+k-1}y^{k}\sim x^{i+k-1}y^{n-1}$ $\tilde{B}^{(0)}$
Bpol $(f, g)\cross x^{i_{1}}y^{j_{1}}$ Bpol $(f, g)\cross x^{i_{2}}y^{j_{2}}$ $\tilde{B}(f, g)$
$\tilde{B}(f, g) = (b_{k}, b_{k+1}, \cdots, b_{n-1})$
$= (\begin{array}{llll}b_{k,k}^{(0)}b_{k+1,k}^{(0)}\cdots b_{k,k+1}^{(0)}b_{k+1,k+1}^{(0)}\cdots \cdots b_{k,n-1}^{(0)}b_{k+1,n-1}^{(0)}| | \ddots |b_{n-1,k}^{(0)} b_{n-1,k+1}^{(0)} \cdots b_{n-1,n-l}^{(0)}\end{array}) arrow b(k.+1,0)_{-row}arrow b^{(k..’ 0)}-rowarrow b(n-1,0)_{-row}$ (19)
90
$|b_{p_{1},k}|= \max_{p}\{|b_{p,k}|\}$ $b^{(p_{1},0)}$ -row




$i\in\{i\in \mathbb{N}_{0}|0\leq i\leq n-k-1$ and $n+i\neq p_{1}\}$ . (
).
$(\begin{array}{llll}b_{p_{l},k}^{(0)}\cdots b_{k+1,k+1}^{(1)}b_{p_{1},k+1}^{(0)}\cdots \cdots b_{p_{1}}^{(0)}b_{k+l,n-1}^{(1)^{n-1}}0\vdots | \ddots |0 b_{n-1,k+1}^{(1)} \cdots b_{n-1,n-1}^{(1)}\end{array}) arrow b^{(n-1,1)_{-row}}arrow b^{(k.\cdot.+1,1)_{-roW}}arrow b(p_{1},0)_{-row}$ (20)




1 2 $(n-k-2)$ $\gamma$
;
$||b_{i,j}^{(p+1)}||/||b_{i,j}^{(p)}||=O(1)$ for $1<p<n-k-1.$




Barnett $GCD$ $f$ $g$ $GCD$
$GCD$ $\gamma\ll 1$ ;
relatively error of $(i,j)$ -element of $L$ $=$ $O(1)$ , (21)
relatively error of $(i,j)$ -element of $U$ $=$ $\{\begin{array}{ll}O(1) (i,j)\neq(n-k, n-k)O(1/\gamma^{n-2}) (i,j)=(n-k, n-k)\end{array}$ (22)
[Sanuki09] $\tilde{B}$ $\gamma$
$(i, j)$ -element of $\tilde{B}=\{\begin{array}{ll}O(1) i, j\neq n-k,O(\gamma) i=n-k or j=n-k,O(\gamma^{2}) i=j=n-k.\end{array}$
3 $\tilde{B}$ $LU$ $U$




1 $f(x)$ $g(x)$ $GCD$ ; $||$ lc$(appgCd(f, g)$ ) $||/||appgcd(f, g)||=$
$0.2\ll 1.$
$f(x) = (x^{3}+x+1)(x^{2}+5x+5)$ ,
$g(x) = (x^{3}+x^{2}-1)(x^{2}+5x+5)$ .
$k=2$
$\tilde{B}$ $LU$
$\tilde{B}(f, g)\in \mathbb{F}^{3\cross 3}$
$(\neq E[-0..310\cdot 3.1.\cdot\cross 10^{-11}]\neq E[-1.310\cdot\cdot.\cdot.’.1.3.\cdot.\cdot.\cross 10^{-10}]\#E[-00200^{\cdot}\cdot’,20^{\cdot}\cdot\cdot\cross 10^{-12}] \#E[0120\cdot 12^{\cdot}\cross 10^{-11}]\#E[-..0.310\cdot..’\cdot.,’.3.1\cdot..\cdot.\cdot\cross 10^{-11}]\#E[00400^{\cdot}\cdot\cdot 4.0^{\cdot}\cdot\cross 10^{-12}] \neq E[00100^{\cdot}\cdot,10\cdot\cdot\cross 10^{-12}]\neq E[00400.\cdot.’ 4..0\cdots\cross 10^{-12}]\neq E[-..0.0200\cdot.\cdot\cdot,2.0\cdot.\cdot\cdot\cross 10^{-12}])$
$LU$ $\tilde{B}=$ PLU
$P$ $=$ $(\begin{array}{lll}1 0 00 1 00 0 1\end{array}),$
$L$ $=$ $(\neq E[00152^{\cdot}\cdots,15^{\cdot}\cdot\cdot\cross 10^{-12}]\neq E[1,1.0\cdot.\cdot..’\cross 1.0^{-..10}]\neq E[0.\cdot 2362.3\cdot\cross 10^{-11}] \#E[0.2312.0\cdot\cdot\cross 10^{-11}]\#E[1,10\cdot. \cdot. \cdot.,\cross 10^{-.10}]o. 0\#E[1,100.\cdots\cross 10^{-10}], )$ ,
$U$ $=$
$(\neq E[-1.310\cdots, 1.300\ldots\cross 10^{-10}] \#E[-.0_{0}310\cdot.\cdot\cdot,3..1\cdot.\cdot\cdot\cross 10^{-11}]\#E[0193\cdot\cdot,1.2\cdot\cross10^{-11}] \#E[-000(K)434\cdot\cdot,1.0\cdot\cdot\cross 10^{-12}]\#E[00447\cdot\cdot,4.0.\cdot\cdot\cross 10^{-12}]\#E[-.0..0200\cdot.\cdot\cdot,2.0\cdot.\cdot\cdot\cross.10^{-12}])$
$P,$ $L,$ $U$
$.\tilde{B}c_{1}=\tilde{b}_{1}$
$c_{1} = (\neq E[4.999999773,9..\cdot 4\#E[-19.99999867,39\neq E[74.99999425,17^{\cdot}\cdot\cdot. \cdot\cross\cross\cross 10^{-6}]10^{-7}]10^{-8}])\cdot$
$.\tilde{B}c_{0}=\tilde{b}_{0}$
$c_{0} = (\neq E[-24.99999814,5.3\#E[4.999999682,1.2\neq E[99.99999195,2.3^{\cdot}\cdot\cdot. \cdot. \cross\cross\cross 10^{-6}]10^{-7}]10^{-7}])\cdot$
$f$ $g$ $GCD$
appgcd$(f, g)=x^{2}+\#E[4.999999773,9.4\cdots\cross 10^{-8}]x+\#E[\underline{4.999999}682,1.2\cdots\cross 10^{-7}].$




$s$ 1 $GCD$ ; $\gamma\ll 1$ .
$w$ $GCD$ $GCD$ modulo $I^{w+1}$
$O(1/\gamma^{(n-k)w})$ . (23)
$||F(x, u)||,$ $||G(x, u)||=O(1)$ $||gcd(F, G)||=O(1)$ $\delta c_{i}^{(w)}$ 1
$O(1)$ $(w\geq 0$ $0\leq i\leq k-1)$ . [Sanuki09]
$O(1)= \delta c_{i,1}^{(w)}\approx\frac{1}{\gamma}\delta c_{i,2}^{(w)}\approx\frac{1}{\gamma^{2}}\delta c_{i,3}^{(w)}\approx\cdots\approx\frac{1}{\gamma^{n-k-1}}\delta c_{i,n-k}^{(w)}$. (24)
(15) [Sanuki09] $\mathcal{T}_{p}$ for $p>0$
$(i, j)$ -element of $\mathcal{T}_{0}$ $=$ $O(1/\gamma^{i+j-2})$ , (25)
$(i, j)$ -element of $\mathcal{T}_{p}$ $=$ $O(1/\gamma^{p(i+j-2)})$ . (26)
$\delta\tilde{b}_{i}^{(w-p)}$ $\tilde{B}$
$(i,j)$ -element of $\tilde{B}=\{\begin{array}{ll}O(1) i,j\neq n-k,O(\gamma) i=n-k or j=n-k,O(\gamma^{2}) i=j=n-k.\end{array}$
$\mathcal{T}_{p}\cdot\delta\tilde{b}_{i}^{(w-p)}$
$i$ $o(1/\gamma^{p(j-2)})$ $\delta c_{i}^{(w)}$
$O(1/\gamma^{w(n-k)})$ 1
2( $GCD$ )
$GCD$ $F(x, u, v)$ $G(x, u, v)$
$F(x, u, v) = (x^{2}-u^{2}x+v+1)(0.05x^{2}+(v^{3}-1)x+1+u^{2}+u^{4}v)$ ,
$G(x, u, v) = (x^{2}-(u^{2}+1)x+v+1)(0.05x^{2}+(v^{3}-1)x+1+u^{2}+u^{4}v)$ .
$\delta c_{1}^{(6)}$ $\delta c_{0}^{(6)}$
$\delta c_{1}^{(4)}$ $=$ $(\#E[-379.9999457,3.1\#E[-19.99999728,1.5\cdot. .\cdot.\cdot\cross\cross 10^{-5}]10^{-4}])+(\begin{array}{ll}0 \#E[20.00000000,1.6\cdots \cross 10^{-5}]u^{2}\end{array})$
$+(\begin{array}{lll}\#E[19.99999473,1.2\cdot .\cdot \cross 10^{-2}]v^{3}\#E[799.9998403,2.5\cdot .\cdot \cross 10^{-1}]v^{3}\end{array})$
$+(\begin{array}{ll}0 \#E[20.00000000,1.6\cdots \cross 10^{-5}]u^{4}v\end{array})+(\begin{array}{ll}0 \#E[-400.0203490,102.1\cdot\cdot ]v^{6}\end{array}),$
$\delta c_{0}^{(4)}$ $=$ $(\#E[399.9999465,3.3\#E[19.99999732,1.6\ldots\cdot\cross\cross 10^{-4}]10^{-5}])+(\#E[399.9999465,3.3\#E[19.99999732,1.6\ldots\cross\cross 10^{-4}]u^{2}10^{-5}]u^{2})$
$+(\begin{array}{lll}0 \#E[-400.0000000,2.6\cdot .\cdot \cross 10^{-1}]v^{3}\end{array})$







$O(10^{-7})\Rightarrow O(10^{-7})\Rightarrow O(10^{-5})\Rightarrow\cdots\Rightarrow O(10^{-1})$ ,
$\delta c_{0}^{(6)}$
$O(10^{-7})\Rightarrow O(10^{-7})\Rightarrow O(10^{-4})\Rightarrow\cdots\Rightarrow O(10^{-4})$ .
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